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ABSTRACT

Linearized equaﬁon's are set up to describe disturbances in an infinite,
spatially uniform, relativistic plasma without an ambient magnetic field. It is
shown that, as well as the usual electrostatic waves, there also exists a class of
electromagnetic waves. The two sets of waves are coupled in general, but can
still be classified as mainly longitudinal or mainly transverse. Under the as-
sumption that the system is stable against the longitudinal disturbances it is
shown that the relativistic plasma will be unstable to the transverse waves unless

it is virtually isotropic.

*This work was supported by the National Aeronautics and Space Administration
under grant NASA-NsG-96-60.



1. Introduction

The average age of cosmic rays in the galactic disc is estimated to be of
the order of 5.106 years. Also it is known from observation that cosmic rays are
isotropic to better than 1% (Greisen, 1956).

These two facts, together with the supernovae theory of the origin of
cosmic rays, make it important to find a mechanism which will reduce an arbitrary
amount of anisotropy (since presumably superovae produce >cosmic rays anisotropical-
ly) to less than about 1% in a time less than, or of the order of, the mean cosmic ray
lifetime.

It has been conjectured that interstellar magnetic field irregularifies will
produce some measure of isotropy due to pitch angle scattering. However, not much
is known about the scale size of such irregularities.

It is therefore of interest to examine other possible ways of producing
some degree of isotropy in an initially anisotropic relativistic plasma. One such
possibility is particle velocity redistribution due to the influence of plasma waves.

It is well known that it is difficult to make plasma waves carry a significant amount

of energy but for producing isotropy this is not a prime requirement. In fact, the plasma
waves need only re-order the plasma distribution function in order to achieve some
measure of isotropy.. In this sense the waves take on the role of collisions in a

classical gas.

In discussing the behavior of a plasma perturbed by a..disfurbance, attention
is usually restricted to purely electrostatic waves since these grow in the order of a
_plasma period which, in the absence of an ambient magnetic field, is the shortest

possible time for a dynamical process.
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However there also exists a class of electromagnetic disturbances whose
existence has been recognized by several authors (Fried, 1959; Weibel, 1959).

Such electromagnetic waves have been considered in considerable detail for a non-
relativistic plasma (Kahn, 1962).

The main reason for considering such waves is essentially due tfo the
conditions attached to making the plasma unstable against the electrostatic mode.
These conditions are well known (Penrose, 1960). It has been shown (Noerdlinger,
1961) that the requirements for electrostatic instability are difficult to meet in
several interesting astrophysical situations.

It is therefore worthwhile considering the electromagnetic waves since
the requirements for instability of these waves are much easier to meet. It should
be emphasized that these waves are not the familiar fast electromagnetic waves
with phase velocities of the order of ¢, the velocity of light. In fact if the r.m.s.
velocity spread is ¢ C  the electromagnetic waves to be considered generally
have amplification rates of the order of 0~  times the plasma frequency. Conse-
quently, they are not nearly as violent as the electrostatic waves. They do have the
advantage that the plasma need not obey such stringent requiremenfs as the electro-
static mode demands before they become unstable.

In this analysis we do not allow for a galactic magnetic field despite the
observational evidence which indicates the existence of such a field with a mean
strength of about 5 x 10-6 P (Gardner and Davies,‘ 1965). The plethora of
complications which arise when an ambient magnetic field is taken into account
have been the subject of innumerable papers and books and we make no attempt fo

consider them.
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In several recent papers (Lerche, 1965a, b, 1966) particular attention
was paid to the electromagnetic and space charge waves when the relativistic
plasma was embedded in an infinite, homogeneous magnetic field. In all these
papers the tacit assumption was made that there was no coupling between the two
types of wave. We will demonstrate in this paper that, in the absence of an
ambient magnetic field, coupling exists but barely influences the space charge
wave, It will also be shown that the coupling seriously perturbs the electro-
magnetic wave. Thus the assumption of no coupling in an ambient magnetic
field is suspect and should be investigated. In particular under the assumption
of no coupling it can be shown (Lerche,1965b) that the electromagnetic mode,

or the cosmic vay qag
in an ambient magnetic field, does not grow at a physically significant rate. This
result may not be true when interference is allowed for,

Thus this paper cannot describe the behavior of the galactic cosmic ray
gas in the general galactic magnetic field. The motivation behind this work is
essentially self-educative. We hope that the results presented here lead to a
better understanding of the physical behavior of relativistic plasmas.

As remarked earlier, a similar calculation to the following has been
performed for a non-relativistic plasma (Kahn, 1962). It is not immediately ob-
vious that Kahn's criteria for stability against the electromagnetic waves can be
applied to a relativistic plasma. We will show that while the physical sense of
Kahn's criteria is .breserved the mathematical formalism changes due to the
relativistic nature of the problem.

We will make no attempt to calculate instability rates for the unstable

situations. Such a calculation would require a detailed knowledge of the
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distribution function and in this paper we shall only be concerned with general

properties that a distribution function must possess in order to avoid instability.
Further, since we do not include an ambient magnetic field in the

calculations, even if we were to calculate e-folding times for particular dis-

tribution functions, we could not place any reliance on them as measures of

the speed with which an instability occurs in the galactic cosmic ray gas.

2. The Dispersion Relation

We consider only the case of a mobile relativistic proton plasma without
an ambient magnetic field. It suffices to consider one mobile species since the
theory to be developed uses linearized equations. Thus more than one mobile
species can easily be taken info account. Along with the proton plasma we assume
that there exists a cold, smeared out, electron charge background which does not
contribute to the motion and serves to preserve over-all space charge neutrality.

We let the equilibrium relativistic proton distribution function be

‘5’0 and the first order linear perturbation to jfo be ;& . dris
then a simple matter to show that :ﬁ satisfies the linearized relativistic

Vlasov equation

of + <R o
= N+ € [-Vp-caR + e x(IxA
Ty mel 5 %’3‘) ‘i—j;f
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where & and m  are the charge and rest mass of a proton. The

. e P
normalized momentum, ,;2 , is defined in terms of the real momentum, |
through the relation me P o= P . Here ~ @ ond B are the

scaler electrostatic and vector electromagnetic potentials respectively.

We must also satisfy the Maxwell equations

2 -
v ﬁa"czgf z*éh—néj{rl 33?;

ot* )
@
2
VR-c" 8 o greld g df
ot i+p~) 3)

In addition we must ensure the preservation of the gauge condition

vV

D

g,

+cP <0
ot

(4)
We choose a particular Cartesian coordinate system and allow all first

order perturbation quantities to vary as

é k(x~cpt
xp[k(x & )] "

We let k be real and positive and F complex without

any loss of generality.
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Making use of (5) it can easily be shown that the solution to (1) is given

N
§ =& (A b .0 a,t,,)
l Mcl( yaT;y {»ng—’; +
¢ [ol-p) - € Fyf’v*&“z)]
= i+p=) p
ey -1

where use has been made of the gauge condition in the form

i, =L F

We now normalize '\FO so that

e - 4

J
(7)

when it can be shown that, with the aid of (5), (2) becomes

2em)e = dreN
(- 461\J°‘i’xd(“vdl°& X

me®

- |
Py 9P [Px ('+Pz)"/'z _[5_‘} 3y (8)
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and the range of integration in (7) and (8) is

n

— € PrSod | - ,
VEPrSed § ~ASPRy S0 | ~0EPE

With the help of (5) is may also be shown that (3) can be written -

r
éz(k(iz) Q\/ = 41?52[\{ \ F>' { } O{(Jxo‘(f?yd(ﬁg_
Mmc™> \N(“"FZ)

9

K(-p)R = 4&')’ i {§ dpmdp |

+f>7/)
(10)
where the parentheses in (9) and (10) denote the factor in . paren-

theses occuring in (8), Here N s the number density of relativistic particles.

Defining

B uip(f) ke = dneNfoc), o= KD

and noting that (8), (9), and (10) are all linear in @_ , Hy andl fq%

we see that for a solution to exist to these three equations we must demand that



- IY ( f) 6 "Fz) *3x+3z-+Ivy (ﬁ) “TY;.—W )~ €72~

- 1% (F) I\,%(F) - ﬁ‘f% K)Z(’*ﬁz)*cjﬁ*ﬁy +:_IL% (F) (11
l
wl«éré R
= Sato (HR‘ZM%D - (9, %) = Lca (v P ) d P
’ (I+PZ)3/?- ’ (l+f>’-)3/2. g

ﬁn :j MZP ) T, ((s) ‘=AS\/(H~P1) 341;/60“ O'?E :
A (l+pz) ¥ [PX‘F\/("(PZ)]

3 2 kN
1. T, 1 T = | Jo AP x(py, Pe> PrPe | Py , I
("LV; 1s, i\’z’ Iy\/) %%) j[)"x“(ﬁﬂwpﬂ ( J(+p?) )\/(H—Pl} J+p?)
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We have also assumed that -& satisfies the usual convergence
conditions as P [Jy or }D% —> 1T 0
From the dispersion equation (11) we have a relation between ’i and F .
An unstable situation will develop if, and only if, a real, positive ‘2 exists for

which (5 has a positive imaginary part.

3. Some Aspects of the Dispersion Relation.

One point, which is immediately obvious from (11), is that if (3 is real,
positive and greater than unity all the integrals in (11) are completely real since,
for all values of px, Py ond Pz ) we have Px < F \/(l P8 .;_]:yz +P;) °
This merely states that waves with phase velocities greater than C  do not resonate

with the finite rest mass protons which always have sub=luminous velocities.

Also it can readily be shown that, provided JCO is not pathological, all
the integrals in (11) are analytic functions of F in any one half plane. Since
we are looking for temporal instability we choose to define }2 real and positive

and (3 in the upper half plane. It is then well known that as

'j"v\ ([5) —> O+ from above the resulting funcfioqgltsf F are also
analytic on the real (5 axis (Jackson, 1958).

Suppose we now choose the zero velocity to the mean particle velocity, say.

Then if the equilibrium distribution has a mean velocity half width G C we see

that when (3 >>. 6 we have

Lie = O(7) .
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Likewisé
I(p = O™

and so on.
For those waves with phase velocities close ‘ro’ c we have ¢ << f{} l
in most physical situations, Neglecting terms of order ¢ 7“(;1 we see
that in such a case (11) reduces to just its diagonal eleménfs, and the electrostatic

and electromagnetic waves completely decouple. We then obtain the usual relation

(12)

for the electrostatic mode. The corresponding relation for the elecffomagneﬁc mode is

2 R
o =k ok,
(13)
However we are interested in the situation where ( FJ << j_

In this case we can replace the factor (i"‘ ﬁ&> by unity in the

electromagnetic diagonal terms of (11). Then the dispersion relation becomes
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=T ()

e syl Tup-he

—Iz (F) I\/% (/S) - fy.é Kl"“:‘}x +a\/ + -Zi([s)

(14)

It may happen that a situation is chosen with sufficient symmetry so that

(15)
In this case the electrostatic and electromagnetic modes completely decouple.
In general, however, the integrals in (15) will not vanish and they introduce cross-
coupling between the two different types of modes. From (12) we see that the order of

magnitude calculation shows that we are predominantly interested in those electrostatic

modes for which

K= O(F“Z) ; ’(5\>>g‘*_

k= O(¢c™%) > Ipl <<
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In the present situation we are looking at ‘ (\! << i
and in particular we will assume that T >>| (5) . Thus we expect
(N -2
W to be of the order ¢~ for the electrostatic mode. This is much larger
than w*= O(i) which we expect for the electromagnetic mode. Thus as
far as the electrostatic mode is concerned the coupling can be represented to a good

enough approximation by

le“I\((Q ‘ I\/((SD I ({5)

(16)

Sefting

in the second and third diagonal terms, which is accurate to the order required, we see
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that (16) becomes

c1p = lnenp]

(17)

Thus an extra term of order o~ = times the dominant term has been intro-
duced. This hardly affects the el‘ectros’raﬁc made at all and consequently the usual
electrostatic dispersion equation is a good enough approximation fo the correct relation,

However the coupling of the electrostatic mode to the electromagnetic waves
%

is not negligible. For the transverse waves, we are interested in values of 2

of the order of unity while

I ((>) = O(o*”z)

for the slow electrostatic wave. Thus as far as the transverse wave is concerned a

good enough approximation to the dispersion relation is
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L(p) I\/(F) T, ((3)

IY VQ K2+ax+<j%+];y ((S) _Ty%((i) - f\/% '

0
O

L(p) INOEWN @909, T p)

(18)

It is then a simple matter to show that (18) can be written

[C?ﬁ‘,'z! myy ““{ﬂ”: ZrL ({/ymi’%):i{; )

(19)
where

2 =)
q= Kz+(3x ) 4\,): = 3% +T‘/y h IY ‘Il )

ey - -
Zj%%:ﬂ‘/"" laa - 1o I« ')' i%z IY%nﬁ\/z—I/'L:I! .



=15~

4. Stability Considerations.

As has been done in thlnon-rela’rivisﬁc case (Kahn, 1962) we will now
demonstrate that the class of electromagnetic waves whose dispersion relo’rfon is given
by (19) is unstable unless the equilibrium relativistic proton distribution function
satisfies some rather restrictive conditions.

We shall consider only the case of even parity distribution functions, i.e.,

£ (PP P = §u Cpy -y e )

(20)
Making use of (20) it can easily be shown that Il ' Iyy ’
I%z ’ 17& , are real and I\/ , Iz_ , dre pure imaginary
when F is pure imaginary. We note also that 9, 9y s and

‘j% are real and positive.
A sufficient condition for electromagnetic instability is that there exist
a real, positive i{ whose (S has a positive, imaginary parf. Since the right
. o . K k2 .
hand side of (20) is real and positive and since 9= 9x R Fo , this
means that there exists a G in the upper half complex plane whose corresponding -
OL is real and greater than Gx . This is so if _{W * éjz;_‘
is real and less than -—‘Qﬁx somewhere on the imaginary F axis in the upper

half plane. Hence, by continuity, if

<j\/){ f i; <~ 023" @



~16-

when (S = 0O
We can also ignore the class of situation for which Iu is real and positive
anywhere in the upper half complex (5 plane, since it follows that the plasma
will then be unstable against electrostatic waves. These will dominate over the slow
electromagnetic waves.

Thus the physically interesting situation is that in which T and __f&'i"l-
are negative on F:{E (€>O>,

On (g = § we therefore have

2z "
{Y)’+ éf%% R AN +I>’>/+Ii? B (IV +I;> J—: <‘23X J
and
éf\/y *Cjz% < fj\/*f}z— ¥ IY\/+IZ,3. < ~237‘
To avoid instability we require that
iYV () +Ls2(0) > =299y e
’ (22)

with equality if, and only if, T y /o) = = I? (Q)

Now

Iy\/ (O) +»I%_ZZ(O> k?~“~ { (F)’L"{‘F'}) &1[2. J?P _ M{(J))m&),

Jpriliep)  2F ‘ (23)
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We now change to spherical momentum coordinates defined by
[x= pest ) By = F%&/sﬁo » p= P sm Psmep

so that

_Setting
og.ﬂ-

[UCO(F)&CJD)J? = < F(p5)

o

we see that (23) becomes

A+
d

M(O):Q‘rrjfff_tf <*7“>[ 5",5 “"/‘“'(’7“);—.1:]0(/“
)

]

J(htloz)
~

where /u = e @,
We note that

v o4

TS P
0\/(i+P2) 673 \/(l-# P?_) ?H~ PZ jS/Z

6]

(24)
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We now expand F(P) 3) in terms of Legendre polynomials

F(p, ) :Z AN (1

(25)
where the assumption of even parity ensures that only even polynomials in/w
enter (25).

Setting

and

J, = [ L
An (H‘f'z)%‘ 2

we see that (24) can be written

iey = ) wf Stk 704 ‘EJK/A)J o

~\

(26)
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where the prime denotes differentiation with respect to the argument.

It can be shown (Kahn, 1962) that

I

|

307980 Bl

(2n)]
so that ‘

(27)
It can easily be shown that

H*9: = 81/ (3,- I/D—)

and
(jx'f‘ﬁ\/‘fj% = 4_”—')?)

Thus the condition that instability be avoided can be written

(28)
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To avoid instability this result must hald true not only for the one
particular direction of the wave chosen, namely along the x~axis, but for any
direction of the wave normal.
We therefore define a basic direction with respect to which a given wave normal
points into the direction (>\o) Yo > . With respect to this basic direction we can

write

(m)

gy =d(mhv)- meZ WS (05

=] M=0

29
Skm) (29)
where 2n are spherical harmonics and fh’e assumption of even parity
ensures that only even harmonics enter(29).
Expressed with respect to a line parallel to the particular wave normal which

points into ( \Xa s Ve ) we can write

f(8) ZZ £ B topren,)

(30)
here the & are suitably chosen constants and P
w - 4 ‘ 2 //‘ )
is the associated Legendre polynomial.
It follows that = | when x= >\o) Y=Y,

and then we have
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- (0)

(M (y =1} OM () =0 (mto) .

Ejuating harmonics of the same order in (29) and (30) we have

Ly

[ L
b (P> = Z " (6 3( (hoy %)

M=o

when >\:>‘u) Y= "Y,.

Thus

)
=

Railp> = 20 400 S0, )

n

2
¢

Defining
Y(M ) jw “ (ID) )g?o{lo
A o V(1+p*)
we have
2n,
G =Z T SM(M )
m=o

Thus the requirement that instability be avoided can be written
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. (m)
3,08 Oun) 20

(31)
Now the average value of any spherical harmonic, of order unity or greater,

over a sphere is zero. Therefore if the sum in (31) must not be negative for any

values of >\0 "~ and Vo it must vanish for all >\o) Vo . Since
none of the Cw vanishes it follows that

—_ (M)

% - nel

Y. =0 (nzl),

Making use of (29) we see that this demands

0

2
g (e = T sy
. VOtp?)
(32)
and 5 must be independent of Xo and Yo
Denoting the solid angle element by d L it can be

shown (Landau and Lifschitz, 1951) that

prdp d L

1+ p*)

is invariant under a Lorentz transformation.
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Thus from (32) we can say that if elecfrofnagnefic instability is to be avoided
then the number of relativistic particles moving info any given solid angle must be
independen't'of the orientation of the solid angle.

When this is the case it can easily be seen that

Mlo) = -8, + 81/ (J;‘J;/S)

for all direction of the wave normal. We also have

Ly o) = I, (o) y I, (0)=0

in this case.
The requirement for avoiding electromagnetic instability can be made

even stronger since we have that

(Syy i_f'} N %y+jz-+:‘r‘/y +I%Z-

&

(33)
with equality if, and only if, IY =0= I-E .
Now at best the right hand side of (33) equals  — 29, for all
directions of the woveA nommal. Thus I\, and Ii must -vanish for all
directions of the wave normjal in order that. ‘-fyy + Jzz never be smaller

than — Qg)‘ and thus that instability be avoided.
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Both .Ly and __l:% are pure imaginary at (3 = O and hence

at . FX = O . Thus

o N
(o d) =i Uy ) {7y Pe) Mo | s
) d P)« l;)x.~~ ,
(34)
Changing to spherical momentum coordinates we have
o0 27
) bY
(I ‘]— ) = -\ T Po{r (CU/SC{) M/‘ACF) -..E 0’%’ .
Y) z 89 8:177
o -
(35)

With :Fo given by (30) it can easily be seen that

~0)

- 0 {1
(] -m) L [P (e wone,,).

[ —

n=o OI/VL =0

We again compare the two representations (29) and (30). We consider a
particular wave normal through >< = >\0 , VYV =Y, andlet ?
be measured in the plane containing the wave normal and the basic line.

Then, near >\ = >‘o ; V=V,
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M
il
IR
o
~
i
o

el
'E

i
>
2l

$="

Equaﬁng harmonics of equal order in (29) and (30) we see that
(W) (w\)
:E?n F) )CWS(WC]O+€M)M>

2w

(w) (m)
= 2 (f) S () v)
m=0
(37)
Hence, near >\ :>\0 , V=V, we have
2 c
(m) ") 0 ()
N _ P
W\-o/\sz\ P = J(:Tzw(i’) A (2D e
O T )
MY 80
2w
(wn) > Bg 0 J
'\{-jzw (P)m 2 = J[V\ F) L?h ("U'SB S( éuh
m =0 h Y >\O)l) d(D ‘

where we have made use of the fact that



-26-
(m)

Cliiv\ (&ﬁE;) _

P

it 8 =0 :)Cor m%./_/.

Let.
64
(w) (m)
X7 = XF M (PP
20
o
Then
T, = 38 | T,(0) = cae) 3G
o oV
where
Z‘ szh w/ (m) A m)
= (T Z /‘A/wo XJH S . (>\J V)
(&3( R
N=0 mzy AS 9=0
We require that IY (0) and I-z. (0) vanish for gll_vclues of
>\) v . Hence a similar argument to that employed previously shows that

K e for all 0,

<
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Thus it follows that we must demand

FJCo(F) >) ‘))W{F = Lo) Sm:)

)

(38)
where La is a constant independent of /\ ) Y .
Thus if a relativistic plasma has a distribution function which satisfies (32)
and (38) then there is no unstable electromagnetic disturbance with a real, non-zero
wave numberr and zero phase velocity.

We can re-write (38) as

L]

E‘O‘}D ‘J(H»Pz) . J/\)) - /—0
Y+ [ T“F g ’

., (39)
and we note that F<HF9 2==vdﬂ where V Bmemﬁkb
velocity. Thus (38) demands that the harmonic mean velocity of those particles
moving in a given solid angle be independent of the spatial orientation of the solid angle.
When (32) and (38) are satisfied we can show that no electromagnetic disturbance with

a small imaginary @ and real wave number can exist. To prove this we consider

the values of ‘jy)/ ’ 1.2. and ai’)% near g =0 ((5: ( 9
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Now

:{Y\//O) +§ _5_;&4/ + -’?2 aZjDW/ Fore
o3| ¢ 3T

cmd)since I\/ (d) =0

Iyl LT,
o% .

Likewise
Y ?
: qy;/ = B%y 92_“0) ( aI)
a5 i‘"‘g \.) % 2;0 aE

e

Making use of the fact that I\/y , Ii. are real and ‘L}' is pure

imaginary when {% is pure imaginary it can be shown that
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14

62{ 2 2 JFY\/(HFl) o 043’ : -
9wyl fy/(t-}f)go(bopf N [ A 9}’3 F Il(a)

(40)
Now
I (o) <O
by definition.
2\
Thus in order that o j\/\/A Z - be positive it is both necessary and
sufficient that
B/ZJ)‘LF?) b dg[: <O
3 Y
fx o
(41)

It is algebraically complicated, but quite straightforward, to show that (41)

is obeyed. The method of proof consists of changing to spherical momentum coordinates,

making use of (32) and expanding -fa (/}a > as in (29) and (30).
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Consequently

cndfﬁus
{YY (‘E) Py ""(jx ‘

Likewise it can be shown that ‘72-% (‘N g) > 37‘ and
‘ﬁ’\/y (q‘ g) L= —j;_?_ (“E) ~ to order E- * . It can also be
shown. that ﬁ\)’% (i ’§) = O(f(’) . As a result, to order Ez ’

the dispersion relation becomes

[17 4 (4% )] - o
(42)

Since | 4y>/ (I'—g) + ‘ji.z— (Q-§> 7= ’23; , it follows that the
9’ corresponding to (S - E ( ? > O) is less than 3)( .

Consequently no real {2 exists for the given F) value. Thus there are no

unstable transverse waves which have an imaginary, but small, phase velocity and

a positive wave number,
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5. Conclusion.

Under the assumption that the plasma is stable against electrostatic waves,
it has been shown that the plasma will support a class of growing transverse waves
unless the number of protdns moving info a given solid angle and their harmonic mean
velocity are independent of the spatial orientation of the solid angle. This physical
statement is identical to the result which obtains in the case of a non-relativistic,
even parity, plasma (Kahn, 1962) except that the statement is now true for all plasmas
both relativistic and non-relativistic. The mathematical formalism of the statement
is changed in the relativistic case so that the conditions for stability remain invariant
under a Lorentz transformation.

There are three interesting points worth noting.

Firstly, in principle it is possible to have pressure isotropy in the relativistic
plasma ahél still have an electromagnetically unstable situation. In practice it is
difficult to conceive of a physical situation where this will occur.

Secondly, we cannot state definitely that a relativistic plasma will be stable
if its distribution function satisfies (32) and (38) since no account has been given of
those values of ,3 for which the phase velocity is different from zero. We can
however, state that if the distribution function does not satisfy (32) and (38) then
the plasma will be unstable.

Thirdly, we have considered only those waves for which } >0 >> }/ﬁ ’ .
There still remains the class of slow electromagnetic waves for which } (3 ]<< :L
but ' (7:» I ?\) g . No account has been given of these waves. Also we

have not considered distribution functions which are not of even parity.
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We have demonstrated that even when this relativistic plasma is stable against
longitudinal waves this is no guarantee that the system is stable against any wave. We
have not shown that similar cond'itions to (32) and (38) hold when an ambient magnetic
field is introduced into the system.

Also no instability rates have been calculated. Thus even though the plasma
is unstable to the transverse waves, the e-folding times may be so lohg that such
waves are of no physical importance. The author feels, but so far has been unable to
prove, that such waves probably have physically reasonable e-folding times, Thus
they may l?e of importance in producing isotropy in the galactic cosmic ray gas in

regions where the ambient galactic magnetic field is weak compared to its mean value.
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